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SECOND-ORDER SLENDER-BODY THEORY AXISYMMETRIC FLOW ' 

By Milton D. Van Dyke 


SUMMARY 

SInider-hody theory for mbsiroic and >^}i])ersonic 
ft(nv paM hodie-^ of reroluiutn in extended to a seamd 
appr<yxbmdio}i . Method-^ are developed for handUny 
the dijficidties that arise at round ends, Com]>arison 
is made with exj)eriment and with other theories for 
several simjde shapes. 

INTRODUCTION 

Sloii(lcr-ho<l V (h(‘orv is tlu^ useful approximation 
iiitro(lu(*(Ml into fluid m(M*[uiui(‘s by Munk 1) 
for calculatiiiji: the lift of airsiiips, and extcMided to 
slcMuhu' lifting wings in com|)i‘(‘ssil)l(‘ flow by Jones 
(rc‘f. 2 ). For such prol>l( ins e.onciM'ued witli lift , 
its siinplieity is sueli that tlu‘ solution is inde- 
]K‘ndent of Maeli nuinlxu*, and is found nuuTdy by 
solving La[)hu*(‘'s (‘(pnition in two dimensions. 

Th(' tli(‘ory Ix'eoim^s only slightly mon* eoni])li- 
(*at(‘d wlum the thiekiu‘ss of a body is of eoiuau-n. 
TIhmi IIh^ solution in(*lud<‘s a logarithmic term 
j)roj)ort ioual to cross-S(X‘lional ariai that varies 
witli Mach numlx'r, as was shown by Ward (nJ. 
',]) in the eas(‘ of supiM'sonie flow past geiu'ral 
shuuh'r shajK's. The analogous n^sult foi’ subsonic 
flow was found imh'jX'iKhmtly by Keinx' (nJ. 4), 
ll(aisl(‘l aiul Lomax (r(‘f. o), and Adams and Sears 
(i*(‘f. (>). 

B(x*aus(' sl(‘nd(M'-body tlxaiiy is so simph^ and 
us(‘ful, it is natural t.o attimipt to iinpi’OV(‘ its 
a('cur*aey l>y including nordimair (dfiaJs in higlx'r 
approximations. Thus, for Ixxlii's of i‘(‘volution 
in sup(‘rsonic flow, Lighthill (riJ. 7) found (he 
s(‘coii(Lord(M‘ sl(Mid(‘r-body solution for th(^ cross- 
flow dm^ to in(‘id(‘nc(', and Brodcu’ick (i'(‘f, 8) 
atla(‘ked the flow at zero angk^ of attack. Ke- 
cHnlly I jiglithill hasoutlimai tlu^ six’ond appi'oxima- 
tion for suj)('rsonic flow past gtauMTil simp(‘s (ref. 
9). Tlie only ajiplication to noneircular shapes is 

! SuiK'iso<k‘S \A(’A 'n‘(‘hMic:il Xnte 12S1 liy Milton 1). \'<ut Dyki', 1%S. 


the solution for tin* elliptic coii(‘ at z<‘ro incid(*nc{‘ 
(r(‘f. 10). These foui’ r(J(‘r(‘n(*(‘S const it utc' tlu‘ 
lit(‘i‘at ur(‘ on this subj(*ct, aside* from [lajiers by 
Adams and Sears (ref. ti), Legras (ref. 11), and 
Keune (rc'f. 12), who ignore noidim*ar (Jlects and 
seek only a (‘los(*r approach to tin* full lin(*ariz(xl 
solut ion. 

The present pa]x*r is d(*voted to s(*cond-oi'd(‘r 
sl(*nd(*r-body theory in subsonic as well as su])er- 
soni(‘ flow, and is i'(‘st ri(*t(‘d to bodi(‘s of r(*volution. 
These are the simplest and most practical shapes, 
and S(*i*v(* to illusti‘at(* the m(*thods that will Ix^ 
i*(‘(iuii-ed lal(‘i* in treating bodies of g(*neral (*ross 
s(*(dion. Only zero angh* of atta(*k is considerTxl 
because Lighthill’s treatment of (In* ci’ossflow at 
sup(‘i*sonic sp<*eds isentir(*ly salisfa(*toi*v, and (*ould 
r-(‘adily be extended to subsonic. sp(*t*ds. On tin* 
other liand, Bi‘oderick's solution for the ])resent 
|)r‘oblem of zer-o in<‘ideiice at supei-sonit* s])(‘(*ds is 
so enormously moi*(* comjilicatc'd than n('(‘(*ssai‘y 
that it could ])rol)ably ix'ver lx* a[)[)li(*d to any 
sha[x* (*xcept the c one. 

The foianal th(*or\^ s(*t forth ln*iH* is i*(*lat iv(*ly 
simple, being (*omprised in equations (1) to (18). 
C^ompli(*ations appeal*, howc'vei*, in tin* case* of 
stagnation jmints, to whicdi a considc'iabh* i)Oi*tion 
of the pap(*i* is d(*vol(*d. It is shown tliat i'(*al 
diflicult i(*s ai'isc* only for* round nos(*s, and that 
for sulisonic flow tliey can be ovei’conn* by com- 
parison with tin* known solution for* a paraboloid. 
Only tlx* r“('gion spanmxl by tin* body is con- 
sidei*ed, though the flow upstream and down- 
stream could be tr*eated in (he sann* way. The 
second approximation, like the (ir*st, d(*]x*nds upon 
an integral that is the counterpar*t for sl(*nder 
bodies of revolution of the ^hiii*foil integiaL’ of 
subsonic thin-wing theorw (ref. 18). 

This inv(‘stigation was begun in 1958, inspirc*d 
1)V a sugg(*stion of Alax. Heasl(*t, to whom tin* 

1 
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author is ifulobtod also for suhsoqiuMit liplpful 
discussions. Some of (1 h‘ main results were pre- 
sented at collocpiia at (he University of Man- 
clu'ster and Fort Halstead in 1954 and 1955. 
(Completion has l)cen delav(al by the S(‘ar(‘.h for a 
nu‘thod of treating lound noses, wliich was only 
recently found (ref. 14). 

FORMAL SECOND APPROXIMATION 
RKSPM^: OF SECOND-ORDER PROBLEM 


The boundary conditions are that the perturba- 
tion potential vanish radially far from the body 
(actually at (lu^ i)ow wave in su])(M‘sonic flow), 
and dm tlu‘ How be tangent at tlu' surfaciv To 
first- and s(‘(*ond-or(lei‘ accuracy, tliis taji^('ncv 
conditio \ is 

(Ha) 

” ( 1 + <Px) I i ' a t r !\ ( .r) (Hi ) ) 


C\)nsi(hM* a- unifoi’in std)sonic or su{)crsonic 
stream (lowing past a sleiuh'r l)ody of r(‘volution 
at /au'o an^le of attack (fi^. 1). Tlu' (jiu'Stion of 


r 

i 

; r--- r--R{x) 



Fkiche 1. -Not alien for l>o(iy of i‘(‘vohi1ion. 


just how smooth and slcaider it must be will lx* 
(‘onsidered lat(M‘, but the nose (and, in subsoni(* 
flow, also tlie tail), if not point(‘d, is assuimal to b(‘ 
no l)lunt(*r than round. 

Vorticity affects the flow only in tlu‘ sixth a[)- 
proximation, and below that the V(4ocity dis- 
turbances induced by tln^ body (nderred to (lie 
speed U of the free stream) are the gradient of a 
[)erturbation potimtial 4>. lanearized tlienrv is 
concerned witli a first approximation that 
satisfn^s the Prandt l-(ilau<'rt lapiation. 




(1) 


(Priiu'ipal svmbols are defined in appendix A.) 
If ont‘ attempts to improve tiu' lin<au*iz(al solution, 
tlie second approximation <j> must satisfy th(‘ 
it(U*ation (‘(|uation (ref. 15) 

[2 (?-^ ' AP 


+ 1 


-Af^ 






'Pr'Plz + ‘Rr'Pxr A <Pr Vrr j 

r_i f" 

J .^ (7-^)-’-} /3V’ 

^ Ja A 


Witli tlie vi‘lo(*ity [xitential (l(‘t(‘rmin<‘(l, tlu* pn‘s- 
sure (*o(4fi(*imit is ^ivi'ti to s(‘cond ordiu* by 

— 2(y-'-0y— (1 — d/^)v:v“-l Jd/V/’ ^4) 

In the sl(‘nd(M‘-l)ody approximation th(‘ first 
t(M*m in ecpiation (1) can be lU'^lected, (^\c^q)t 
insofar as it ap|)(aii’s in the distant i)oundar\' 
(‘ondition. Similarly, for S(cond-ord(‘r shunhu- 
body llieoiA', various t(‘rms in i*(|uation (2) can 
be omitt(‘d (nd. 9). Iloweviu*, this simplification 
is iiniHH* ‘ssaiy h(‘r(‘ because^ a. particailar integral 
of ecjuat on (2) its(4f is known; and it would actu- 
ally (‘on plicat(‘ tlu' distant boundary condition. 

RESUIV OF FIRST-ORDER SiLENDER-BOD Y SOLUTION 

Slen(h‘r-body tlu'ory is a furtlua* simplification 
beyond linearization (hat describ(‘s the flow only 
in the immediate vicinity of the liody more 
pr('<*is{*l\ , within a distanct^ from tfu‘ axis of tlu^ 
ord(U“ of tlu‘ local bod\ radius. It can tluM'cdori' 
be (‘xti“rcted from th(‘ limairizial solution by a 
limiting prociss. vSimilarly, th(‘ s(a'ond-ord(‘r 
slend(‘r-body th(‘orv sought h(‘r(‘ r(‘j>r(‘S(Mits tlu' 
first tw(^ t(M‘nis of an asym{)totic s<*ri(‘s, and (*an 
b(> (‘xtract(‘d from tlu‘ full s(‘(*ond-ord(‘i‘ solution. 

For t u' first-ord(M‘ shuidiu-body solution wt‘ 
adopt tl i‘ pi’oci'dun' of Kcaine (r(d. 4) and IbaishH. 
ami Loi nix (i*<‘f. 5) as b(*ing slni[)h‘r and inori' 
})hysi(‘al y aiipiailing tlian (lie im^thods of Fouriei* 
and Jjai)la(*(‘ t lansformation. T1 k‘ approj)i‘iat(' 
solution )f t h(dimairiz(‘d (Hjuation (1) that vanishi's 
far from tin; l)ody is 

for subsonic flow (5a) 

B - 1 for supersonic, flow 


j- Bt 


(51)) 
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This may be regarded as resulting from a distri- 
butioTi along the axis of tlie body of sources of 
strength proportional to a function F{x) tliat is 
to ])e d('termin('d from the tang(‘n(*y condition. 
l)iff(‘r(Mitiating and integrating with res])ect to 
/ gives “ 






Then approximating asymptot ically for small r in tfu^ 
supersonic flow) gives, near tlie body, 




1 d 

2 dx 


x 


F(^) s<>:n (./■— In (l^=F(x) In 


int(‘gi*and (and also in tlu' up])(‘r limit foi’ 

y— 2 J ^-^-0 I'l (7a) 




(7b) 


Tliis is the residt of Ilea.sh't and homax (ref. 5). 

i\lt(‘rnative forms of tlu^ integrals that are a 
gi (‘al (had simj)l(4’ for (ut lnu* anal vticad or iiuimu’ical 
evaluation W(U'(‘ givaui by Schult/-Pis/aicliich (ref. 
Ih). Excludiiig an infijiiti^simal JUMghboi-hood of 
th(‘ ])oint x = ^ from the i’ajig(* of integration, 
cariwijig out tlu' difF(‘r(‘nt iation indi(*at('d in ('(jua- 
tions (7), adding and subtracting a logarithmic 
term, and tluvn allowing t h(‘ excluded neighhorhood 
to vanish leads to 


Fix ) In 


fir 

2^^ {x—a)(b — x) 


ip[x,r)-^J 



Fix)~F(^) . 


(8a) 


Fix) In 


2(.r--rt)~^J„ x—^ 


di 


(8b) 


The sui)eriority of thes(‘ forms is clear if F{x) is a 
polynomial; then the integrands in eapiations (<S) 
are simply polynomials, whereas those i)i (aj nations 
(7) (‘ontain logaiathms. 

lm[)osing tlu' first-orchu* tangeuicy condition of 
eepiation (8a) now determines the source strength 
F{x) iji ti‘rnis of th(‘ body I'adius I\{x) as 


F{x)^F(x)ir{x) 

Htuicf* tlu^ first -ordej’ slend(‘r-body solution lias the 
form 

<^^AXr)ln r-l-f/Cr) (ha) 

- If tiu; ImmI.v has pointt'tl (‘inis (so tliat /-'=() tluae), tlu‘ iiroanluiv can lie 
sirnplifi('(l, and it is only necessary to intejirale liy parts. However, we 
eonteni|ilate treat iiijr round ends also, at. least in suVisonic tlovv. 


\vll(T(‘ 


/'’(./■) Ill 


/'■(.r)^- A'(r)/."(x) 


a 


OX)=i 


2^,'(x—a){b — x) 

F{x)-Fii) 


n 




u: 

i 


(ilb) 

di (9c) 
df (9d) 


The pressure' coedheient on t in* surfa<‘e of the body 
is given by 

r;^ = -2l/^''(.r) In R{x)-F(r{x)\~IFH:x) (10) 


SECOND APPROXIMATION 

The slend(‘rd)ody solution of etjuation (9a) is 
chauly a solution of La[)lace’s ecpiation in the cross 
plane, which is th(‘ Prandtl-Glaui'rt ecjuation (1) 
with lh(‘ term {\~\P)iprx omitted (except insofar 
as it is implicit in the boundary condition far from 
the body). This linear term must therefore 1 h‘ 
taken into a(‘(‘Ount in the second approximation 
in addition to the nonlinear terms on the right- 
hand side of the iteration eijuation (2). Hence 
tbe slender-body iteration e([uation is 

+ [2 ( 5 '^ AP 

+ I — .‘C ’)<px¥’xj-+ + V’r'V^r J (11) 
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A particular ijilc^i‘al for tlu' limau’ t(‘rm on the 
ri^^hl, whicli vaihslies far from the body, is giv(‘ii 

]>3^ 




A |)artieular integral for tlu' nonlinear terms is 
known to he given by (nd. 15) 



AP 

A/“- 





(F' 



/■-f (j 


y-\ 1 4/" 

2 4/“- 1 



The comi)lete se(*ond approximation is the sum of 
th(*s(' two pai'tieular integrals, plus a eomplenu'n- 
tary solution Unit will have just tlie form of th(' 
first approximation, ecpiations (9). Hence the 
sc'cond-order sbauler-body solution lor tin* j)(‘rtur 
bation potential is 


lnr+( 6 M-t /)+4 

-\)r(F" ]ji r+G"-F")+M- ^{F' lii i 
+a')(F\n r+tf+A'Fj-4^] 

7-1 1 


a) 


wlu'I'O 




2 . 1/-’- 1 


( 121 )) 


IIoiT J{j-) is llio Sfcoiul-oi'dcr incn'incnt in souiro 
slrt“n>i;tli. Imj)osiiig tlic tajigcncy condition of 
equation (Hb) detoniiines it as 

/(.)■) ^ (1 -2d/-)^V<'' In U-M-NFF' 

+ {\-AF)FG'-MG- 'G-l M‘ 

+i (i-d/-)/*'-^’" 111 i'’") ( 12 e) 


J 'riiis rt'sult ran also br obtainrd by ndainiuy srt'niidary as well as Iradinp 
In ins ttniiooxpansions in any ttflhr ronvrntioual drrivat ioiisof slemler-bodv 
llu'ory. If tiu' Ueash't-bomax inrthoti is followtul, it is lunessary to tlifTci- 
riitiatr and inlrgrtitr witli ivsptsd lo.r, as in tioinj: from I'tjuatioiis (.V) to (('.), 
(wo more times in order (t) avoid divergent integrals. 


Then f/(/) is related to /(/) in th(‘ same way tiiat 
(r(x) is to F{x): 




2\ij—a) (h — j-) 


,j(.r)^ J 


f( A I 4 - C/(/)-/(sb 


Ja 


(\2d) 


(12c) 


Ho\vev(M\ it will be setai lat(‘r than this formal 
result fails at round (*nds. TIk‘ f)rop(‘r (\\pi'<^ssion 
for (j for round (ouls will be givtMi in (‘quation (40) 
for incomj)r(‘ssd)le flow and (Hjuations (52) for 
subsonic flow. 

On t l surfatu' of th(‘ body t he expression of 
etiuatioM, (4) for tlu* pr(‘ssur(' coefficitmt can b(‘ 
simidilietl, using tlie tangeney conditions of 
(Hjiiatiors (8), to 

+ iAP-\)^^f+\XPir^ (15) 


SLENI>ER.BOI>Y INTEORALS 

The second-or<ler, like' tlu' first -ordt'r sb'ude'r- 
body sol d ion, is seen to re'ejuin' only t lu' evaluation 
of tlu' “:.l('mler-l)ody integrals'- 

74[ F{j) \ = j (subsonic) (14a) 

Jl.{F(-r)}= (supersoiuc) (14b) 

J a s 


and tlinr first tluH'e de'rivatives witli r(‘S[)e(‘t to 
./•, whicl involve' integrals e>f the same' feirm: 


ny= 

etc. 


j: 


’"’^''(s)-F'(^) , F(x)-F{a) Fib) -Fix) 


i,_ti ‘-'f+ 


j: 


F'ix) — F'ii) , Fix} — Flu) 






x—a 


(156) 


Note t lat only a siiif^le integral is actually 
involvei , since tbe subsonici oin* is related to the 
supei'soiiic one by 

i;;{Fi.-)} = Ji{Fix)] + Ji{F(x)}, «<,r<6 (lb) 


However, it is convenient to list both. 
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As with the iumlogous airfoil integral of subsonic 
th in-wing theory, these ijUegrals can he evaluated 
analyli(‘ally for a wide vaiiety of functions. A 
short table is given in appendix B. 

TRANSONIC APPROXIMATION 

It will be seen in later (‘xainples that the 
analytic form of the second a|)proximation is 
rather complicated even for simple shajies. A 
furtluu' approximation that yi(‘lds considerabh' 
analvtic simplifi(‘ation and a rcunarkably (d(‘gant 
result is tliat of tin* transonic small-dist urbanci* 
theory. In that aj)proximation one retains of 
the nonlineai’ terms only the one that, is dominant, 
near Macli number unity, so that the full e(|uation 
of mot ion is siniiily 

( 1 — .V/ -) -4>rr -|- y — ( 7 ' I 1 .) (17) 

In plaiu' flow tlie accuracy is improved by keeping 
a factor d/“ in the rigiit.-hand term, but a test 
with tlu' (‘xa,ct solution for coiu‘s in sujX'rsonic 


flow suggests that the advantage does not persist 
in axisvmmetric flow. The effect of retaining 
the AP is simply to change (7 + I) In AP{y-\-\ ) in 
all that follows. 

If one attempts to solve tins simplified equation 
by it(uation on slender-body theory, the second 
approximation is, from equations (12), 


{/' +/) hi + 


wh(‘r(‘ 



(18a) 

F=N/r 

08b) 

’ FF' 

(18c) 


and 0{.r) and r/(.r) are rc'lated to F{.r) and /(.r) by 
ecjuations (t)c) and (9d) and (I2d) and (12e). 

This result can be simplified because the two 
s(‘(a)nd-ord(u* tirms in hi r c.anccd. T1 h‘ siaond- 
ord(‘r iiH'renumt in velocity potcaitia.l is tlius found 
to be a function only of /, given by 


7±i rr' 
4(l^A/^) U. 


Axf) = (i>—ip= ^ 


7+ 1 

■2{M^-1) 


F(j') — F{i) . ..,F{a)F{.r) F{h)F{,v) 

^ ~x-a ~ 


1 , 

2 ,r-a^2~b-xj ^ 


.1/<1 (19a) 


(19b) 


H(U*e a cnrr(‘(‘tion for round ends that will be 
derived later (eqs. (o2)) has bren included in the 
subsonic case as the last two terms in the bracket 
of equation (19a). A corivsponding cnrrection 
should probably be found also for tlu‘ supersonic 
cas<‘; if so, equation (19b) do(‘S not apply to a 
round nose and the last term might as well be 
omittcal. 

This in(‘i‘emental potential may be ri'garded as 
n presenting a plane wave standing normal to tlie 
body axis whose*, amiilitude is independent of 
radius within the slender-body apjiroximation 
(although it of course attenuates at distances 
large compared wdth tin* local body radius, where 
that approximation fails). It (*aii be shown I but 
this result holds also foi* bodies of g(*m*ial (*ross 
s(*ction, where F{x) in <*(|uations (19) is A%r)/2ir 
if vl(.r) is tin* (*ross-sect ional ar(*a. 

The surfa(*e prc'ssure co(*fficient is given, in the 


ap|)roximat ion of ti-ansonic small-distui’ban(*(‘ 
th(*ory, by 

C,=-2ct>,^ir ( 20 ) 


X(*ar round ends in subsonic flow tin* first-ord(*r 
pi(‘ssur(* co(‘fn(*i(*nt is itdinit(* lik<* x~\ and tin* 
second-order increment like x~'^ (so that neither 
is integrable for drag). The saim* is true for a 
round nos(* in sujiersonic^ flow ((*xce[)t that, as 
just remarked, the second-ord(*r increm(*nt givim 
a.bov(* may not be even formally (*orre(d). 

If round ends are ex(*hided, the drag in super- 
sonic flow is integrable, and the second-ordei' 
incr('m(*nt is given by 


AJ) 


7+1 

AP~\ 



F(b)~F{F) 
■ h-i 




1 

o 



F(x)-F(0 


F'(x)FAm<lA ( 2 la) 
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Just as ill j)laiio How past an airfoil, this may ho 
(‘itluu’ positive or no^ati^'(^ according as the body 
is fatt(‘r M(‘ar its nose or tail. For if round tails 
ar*(' also <‘xelud(‘d, setting FU) '>F{—x) shows that 
revtU’sin^ tlie dina'tion of (low (‘hangc's tlie si^n of 
tli(‘ dra^ iiuu'enient of equation (21a). This 
nu'ans, in partie.ularj that the su|K‘rsonic‘ dra|!: 
inei‘(UU(Mit is z(‘ro for a ho(l\' with fort^-and-aft 
synmud ry. 

The eom*s[)onding (‘\])i‘(^ssion for suhsonie (low 
(with round ends ex(*lu<h‘d so tfiat tlu‘ dra.^ is 
inte^rahle) is 


SJ) 

hpJ^ 


t4 1 




(21b) 


This dilf(‘i*s from the second term in {‘(juation 
(21a) only in having the absolute value si^ns. 
As a eonsoqu(‘ne(‘, howi^vtu*, it ean be shown that 
tins dra^ iiuavimuit is zcuh) in eonfonnity with 
DbVlembert 's prineiph'. 

Oswatitseh and Ibu'udt hav(^ shown (i*(‘f. 17) 
that tli(‘ transonic sinall-dist url)ane(‘ approxima- 
tion to^‘(dh(M* with th(‘ slcmdei -body approxima- 
tion implit's a similarity ruh‘ for sui-faec* ])r(‘ssuK‘s 
on affitudy relatiMl axisymm(dri(‘ bodies of thiek- 
lu'ss I’atio T, aceordinj^: to which 


r--., 

}* is sonu^ function of th(‘ transonic* similarity 
j)arameter (J/- — l)/( 7 Tl)r‘, Tlx* ])resent theory 
^ives the first two terms in an asymptotic* c'Xpan- 
sion of the' func tion for lar^c' value's of its argu- 
ment. 


EXAMPLES IN SUPERSONIC FLOW 

RESTRICTIONS ON BODY SHAPE 

It is implic'd in the' slencler-body approximation 
(as in linearizc'd thc'ory) that the veloc*ity dis- 
turbances induc-c'd by the body arc* evcTVwlierc' 
small. This iin|)osc's scu-ious limitations on the 
smooth nc'ss of the body, c'ven in the* fii'st approxi- 
mation. Thus for bodic'S of revolution not only 
must the' slojie IV i)c‘ small and continuous, but 
the c'urvature R" as wc'll. Supersonic noses must 
be at U*ast poitited small), and supersonic 


tails and sul)sonic nesc's and tails must ac-tually 
bc' c'usprcl {!V 0).^ 

It is well known in thin-win^ thc'ory tliat the 
c'onclitio is for linearization may be violatc'd loc*ally 
without ch'stroyinj^ the* validity of the' solution 
as a whole'. This is true' also of the first -orchu* 
slc'iuler-hody a])proximation. One' c*an ]K'rmil 
disc’ontiuuities in c'urvature and c'vc'ii slojic', and 
jiointc'd and c'vc'ii round subsonic* c'uds, ])rovidc'd 
one attac'hes no si^nificanc*e to the rc'sult c*lose to 
the* rc'sulting singubu’ity in ])rc'ssur(‘, or sid)sc'- 
(juc'utly corrc'cts tiu' solution loc*ally by t(‘c*hnic|ues 
that have' been d(‘V('lo])ed for disc-on t in uitic's in 
slo])c' in supcTsonic* (ref. IS) and subsonic* llow^ 
(ref. 19) and for subsonic c'lids (ref. 20). (Koimcl 
su])t*rsonic noses c*an jirobably also be jic'rmittc'cl, 
and c'ould bc' c*orrc‘c*tc‘d loc*ally if the* c'xac*! solution 
were known for su]><‘rsonic* How ])ast a jiaraboloid 
of rc‘ volution.) 

In the sc'C'ond a])])roximation of slender-body 
tlu'Oi*y (just as in thin-wdn^ thc'ory) tin' rc'stric*- 
tions be *ome more' severe*, and the* rc'inedic's c*or- 
rc‘s])oncliugl\' moi*c* c*omplic*at ed, and it is no 
lon^c't* i lwa\'s tt*uc* tliat tlu' formal solution is 
c*oiTc‘c*t c'xc*c‘])t loc*all\'. Thc'sc* cliHic-ultic's arc* 
jj:rc‘atc'r lor subsonic flow bc'c*ausc' not only are the 
bodic's of intcMC'st usually bluntc-r (round noses 
bc'in^ the rule), but also tlu* rc'stric-tions arc* 
^I'c'ater (])ointed noses fa'in^ c'xc'ludc'd, whc'rc'as 
tlic'v ar< admitted in supc'rsonic* How' since* no 
stagnation ])oints a])])c*ar). 

( \)nsc*quc*ntly, a])])Iic*ation of tin* prc*sc*nt tlieoiw 
to examplc*s of subsonic flow will be* ]K)st])om*d 
until nose c*oi* reel ions have bec'ii discussed. To 
illustrate the theory, a fc'W^ c*xam])lc's will now^ bc' 
^ivc'u foi* supersonic* flow . No diffic-ultic's apj)c*ar 
if the* e ids arc* jiointc'd, thc^ mc-ridian c*iirvc* is 
c'lsewhei e analytic*, and one* cloc's not iii(|uire too 
closc'ly i itc) the dc'tails of the flow^ nc*ai* a pointed 
tail — wdiere the How^ is actually subsonic and, in 
any c*asc , the rc*al flow is determinc'cl by visc*c)sit\y 

CONE 

Consider a cone* w hose slo])c* is 5 (fi^. 2), so t hat 
the body is dc'seribed by R = hx. Witfi the* origin 


^ 'riu'Si' rpj irii'tions un> soniywhal inon- .'^evt'iv than thnj^p hy 

Ward (ref. 21). Ue lUTHiits dLseoiitiniiilics in ciirvatiitv ami [>oiiited sul>- 
.sniiie ends, 1 it, it is readily verified that tlicse indh lead to lojiarithinically 
innnite snrfa v pressures. 
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Fkiurk 2. -Superjsonic flow cone. 

of coordinates at ttio vertex (a = 0), tlie slender- 
body potential of equations (0) is 


= ^+1 ) 


Tlien e([uation (12(*) ^ives 




mP-V) In ^+.\CA'+AC+,',J 


and (‘quations (12) ^iv(‘ as tlu^ se(*()ml-order 
[)er t ur bat ion po tent ial 

r) ^ 5"./* ^ 1 n ^ + 1 ) + ^ ‘-z’ ^ d / ^ 1 n ‘ ~~ 

(2;ic) 

4 4 r J 

The surface ])ressure coefFicient is, fi-oin equation 
(13), 

-(5M*-1) In (2;i<l) 


which is the result first given by Brodi‘ri(‘k 
(ref. 8). 

Broderick has compared the first- and sec'ond- 
order slender-body solutions with tlie exacd re- 
sults (ref. 22) for various cone angles. Two cases 
are r(qnoduced in figures 3 and 4, and the second 
approximation is seen to yield (‘onsiderable im- 
])rovement for moderate cone angles at speeds 
bcdow tlie liypersonic rang(\ Also shown are the 

n 2407 7 -GO 2 


.08 



I 3 5 7 9 !1 13 

M 

Fku’iu: if 'Pri'ssnrc uii com* of ’)° s(‘mivi‘rU‘\ aii^li' 

(7 i.-ioro. 



2 3 4 


M 

Fjcurk 4, — Prcssuri' on cunc of s(‘iniv(a’tiv\ :uigU‘ 

{y _ 1 .40')) . 

results of the second-order theory that does not 
involve the further approximation of slender- 
body theory (ref. 15). The slender-body simplifi- 
cation is seen to reduce the numerical accuracy 
at high Mach numbers. The reason is that, 
roughly speaking, linearized theory and its second- 
order counterpart assume only that the thickness 
ratio T is small, whereas the slender-bod}" appi'oxi- 
mation implies also that is small (ref. 23). 
The latter is a more serious restriction at Mach 
numbers appreciably in excess of -\'2. In the 
subsonic range, on the other hand, /? cannot 
exceed 1, so that tlu‘ slender-body simplification 
does not significantly reduce the numerical 
accuracAx 
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Tlu' correspoiuling result in the transonic’ sma.ll- 
(listurhaiK’o approxiimition is fouml from equa- 
tions (9) and (19), or simply by discarding all 
second-order terms in equations (23) except 
those involving A and setting d/— 1. The result 
foi* surface pressure coefTicient is, in the similarity 
form of equation (22), 

= (2ln2-l)+^-±^^' (24a) 


'riiis series has been extended to a third approxi- 
mation in unpublished work, giving 




+2\n (H8) 


(2 In 2~ 1 ) 


, (7+1)5^' 


1 ( r 

^U2 4/L J 


(24b) 


Kxact numerical solutions of the transonic small- 
disturbance problem have beem calculated by 
Oswa tit sell and Sjodin (ref. 24), The comparison 
of tlies(‘ n^snlts shown in (iguic' 5 gi\ ‘S an idea 



iMerui: 5, Corrolation by transonic s^imilarity rule of 
pressure on cone; 7 — 7/5. 


of the rxtent to which the present tin'ory can 
lienetrate into the transonic range. 

As in<ii(*ated in figure 5, detachment of the bow 
shock V ave and attainment of sonic flow just 
liehind die shock an* both associated with a spe- 
cific value of the transonic similarit}' parameter. 
However, this is not true (in contrast to plane 
How) of the “upper critical Mach numbc'r” at 
which sonic How is attained at the suiface. 4diis 
means that the limit of convergence of the small- 
disturbance series (such as eep (24b)) (*aiinot b(’ 
associated with the first appearaiu’c of a subsonic 
zone in an otherwise supersonic* flow field. 

PARABOLIC SPINDLE 

The analytic, form of the sc(*oml approximation 
grows complicated for shapes other than tlu' coin*, 
except in the further approximation of ti’an- 
sonic* small-disturbance theory. 



The analytic comph'xitv of tin* full sc‘cond 
ajiproxi nation will be* illustrat(*d for the sjiindh* 
formed by i’(‘volving a parabolic arc (fig. (i). 
Let it 1 e of unit length, with seiniv<*rtt‘X angle 5 
(so thai its thi(*kness ratio is 5/2) and choose 
the origin of cooi'dinates at llu^ nose. TIumi tlu' 
body is desci’ibed by 

RU) = 6j'{\-j) (25) 

Tile iit'^ t-ordei’ shuuler-body solution of c(pialions 

(9) is 

if= 5h' (1 — x) ( 1 — 2 . 1 - ) In + J — • ^ ./’ H — - ./■“ J ( 20 ) 

The sec )iid approxumation is found using equations 
(12) together with the integrals of appendix B. 
Rather tedious computation gives as tlu* surface 
pressur e coefficient 
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2(1 — Ct+O./’-) In 




,-1 + 16/- 


- 22/^J+5^ 2[( 1 -2AP) +6 (7A/-’- 4) /( 1 - 


/)-;«)(.+\/- 


-;i)/-'(l-/)2][L2(.r) + i ln+1 -/))-,- _20/(l-/)+72/2(l-/)=^] lir’ -—A f [n -5A/^) 

ij8 (1 — j') 

+ 2(:«AF-24)/+(;m-;n 1 A/=*)x^+2(27lM*-3;«)^»+4(99-76il/*);f‘l In + |6(7A7^ 

1)5 ( 1 — x) 

— 4)(]+2/)— ;i)(l— 25/— ;n/-+2r)+)](l — /) in (1— /)+2A/+\'[l — 15/(1— /) t-47/+l— /)-’l 


+(^.W>+i)+^l2(7.W'-4) In ^+21-01J/“Jj +j^l8(19-:i2J/>)lii 
+[*»(5.«'-.1) In .U>]n>+[l2.?Ci-nM.) 1„ A+™|1 j. 



(l?7a) 


Here L-iir) is Eulor’s dilopirithni, dofiticd })v 


A.(/)=f: 

n = l 


A' 

tr 


n I n (1— 
Jo s" 





(271)) 


KtHine and OswatitscJi (rof, 25) have encountered 
this function in tiieir integral equation theory 
for sleruhu* bodi(‘s of revolution in transonic dow. 
They give a short table and refcuvnces to fui'ther 
tables of which Powelhs (ref, 20} is the most 
useful. In accord with the secoruborder simi- 
larity rule (i‘el. 27), the surfa(*(^ pressure coefficient 
has the general form. 


r; -r7^(r;yyr) 

+ )+M%( ) + (t+1)^A^,3( )J 

(28a) 


where r is the tlii(‘kuoss I'atio. More specifically, 
it has the form appropriate' to srnootli slender 
bodies of revolution 

( p/=r^(Pi In t'+P 2 ) +T* j^( 2 >n+A/ 7 > 2 i) In^ r 

T (pl2^-^Pp22) In T + 7 >i 3 + -V/7>23 4- (t+ 1 ) 7^3^ 

(28b) 


Enormous simj)lification results from tlu^ ap- 
proximation of transonic small-disturbance tbeorv. 
I he second-order effect is them given l)v eejuation 
(19a) as 


A,,0=- 




( 29 ) 


Hence second-onler cllVets iiller IIk' pressiiic 
coefficient at any point by 

A.C'p= -2An</)^=^ ^b\ 5'(1 - 15/+62 /--i) 4/ ' t 47/'') 

(30) 

which is plotted in figure 7. Adding the first -order 
contribution gives, on tlie surface, 

1^2(1 —G:/’ T hi;") In ^ \—j ) — ^ ^ ^ 22j-^'J 

, 7+1 /5V r 

+y y'2__ 1 y 9 j ~ d4 ( 2,/’ — 1 ) ^ -f 4 7 { 2 j' - 1 ) ‘^] 

CM) 

Here the second-order term has been rewritteji to 
mak(‘ clear that it is symmetric about the middh‘ 
of the bod}", as indicated in figun' 7, and so con- 
tributes nothing to the drag. 




Figurp: 7. -Second-order increment in pressure on spindle. 


Figure 8 compares this simple result with 
Drougge's measurements of pressure on a para- 
bolic-arc spindle of thickness ratio l/G at .I/=1.15 
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(ref. 2S). It is reiiuirkiibU* that tlu' first and 
secoiul approximations ^ivp suc(*ossivt^ly moro 
accurato values in the region of subsonic flow, 
which is of considerable exti'nt l)ecanse tlie free- 
streain Macb number is somewluit below the 
value (1.1S) for detachment of tlu' bow wave. 



rTcuKK S, I’n'ssuro on pariibolic with r l/(> at 

.U-1.15. 

vSUBSONIC FLOW 

It lias already been pointed out that only under 
rather severe restrictions on body smoothness will 
the se(;ond-order shuider-body solution be uni- 
formly valid over the entire surface of the body. 
Tn itarticular, it fails at least locally near stagna- 


lioji poii tSj and these can scarcely be avoided in 
practi(‘(‘ foi‘ subsonic flows. W(' theridori' con- 
sider to what extent tlu‘ formal solution breaks 
down — i nd liow it can bo corrected for subsonic 
flow past a body" that has sliarp (conical) or 
round, lather than cusped, ends, but elsewluu’e 
satisfies the smoothness requirements. (V iola- 
tions of the restrictions elsewhere tlian at th(‘ 
(mds— for example, at discontinuities in slopi' - 
could b(? treated by analogous nietliods; sia‘ nds. 
IK and 19.) 

FAILURE AT SUBSONIC ENDS 

Just rs in plane flow (ref. 20) it turns out that 
the formal second-order solution for a body" with 
stagnation points may" have one of three d(‘gr(a's of 
validity": 

1. Valid except near stagnation points wlieri^ 
it predicts infinite surface speeds 

2. Invalid eveiywliere, but finite except near 
htagnation points 

3. ; nfinile every where 

These three cases are suc(‘essively^ movo serious 
(and ar 0 accordingly" associated with successively' 
greater blunting), except that the second is moi*(^ 
insidious than the third because it gives no warn- 
ing. 

The distribution of these three cases with respect 
to nosi* bluntness and Mach number is compared 
in the following tabh' witli the corresponding 
n^sults for airfoils. A regular trend is apparent, 
bodies bidng at least as critical as airfoils, with tlu^ 
one ex< e|)tion of sharj) noses in subsoni(‘ flow. 


Airfoils 


j 

Bodius (using 0) 

1 Using 0 

U.sing 0 

— 



■ — — 

“ 

1 . i'xcept. near sliijinalion ])oints. 

Sharp, T/ = 0 
Sharp, ^ 

Shtirp, y/^^0 
Round, M —i) 

1 

Shtirp, M ■= 0 
Shari), M>0 
i Raiund, 4/ =0 

1 

Invalid pvprywh(*n\ hut uxerpt tit i 

stagnation points. 

Round, .1/ — 0 

1 

1 Shur]), 

Round, y/>0 

! 

IT Inliniti* rvorywhiTu. ' 

Round, y/^’O 

\ lloiiiid, A/ >0 

i 

! 


I Except for this one case, placement in the first category has been definitely established by actual worked examples (using the .1 amen- Rayleigh method) 
In this exeeptional case, the placement is based instead on the absence of algebraic singularities, which might have to be modified by the source eigens<.lutions 
discussed below, from the second-order solut ion given below for the spindle. It would bo well however, to confirm tins dassificat ion b> cai i > mg out tiic J anze n- 
Hayleigh solution for a conical tip. 



SECOND-ORDER SLENDER-BODV 

Tliero, liowovor, the difficulties of case 2 do arise 
in tlie various components of the solution hut 
happen to cancel in tlie net result . (Furthermore, 
the (‘orrespondin^ airfoil problem (‘ould Ix^ put 
into case 1 by manipulating, by par^tial integration, 
the integrals im^olvx'd in tin* second-order tlu^ory.) 

In the first case, lo(*al fadui'c occurs because tlu^ 
true speed is j^roportional to ,3"' near a sliarp nose 

and to near a round nose (where 3 is tlu‘ 

distance into the nose and e is proportional to the 
body thickness), but tlie shuider-body (wpansion 
forces these into the formal series 

3^-=:l+€Mn z + i)(€^) 


whicli are not uniformly valid near 3 = 0. Hecog- 
nition of this source of the singularities permits 
one to formulate simfde rules for rendering th(‘ 
formal solution uniformly valid, with the aid of 
tlie correct solution for some simple body having 
the same nose shap(‘ (refs. 20 and lO). 

In the sca'ond case list(*d, tfu' ovcn-all failure 
[■('suits from singular eigensolutions (‘xtraiu'ous 
solutions that satisfy the second-oj'dc'i* ('equation 
and th(' slend(‘r-body boundary (‘onditions. Tlu'v 
(Miter because of tlu' iiu'xactm'ss of the slender- 
body tang('ncy condition mair the nos(>. T\w 
('igensolution is a point soui'ia' locat(‘d at tlu' stag- 
nation ];>oint it oiu' woi'ks with tlu' v(do(*itv ])oI(mi- 
tial (and a dipoh' if oik‘ woi-ks with (1 k' stream 
function). In plane (low th(‘r(* an' at least tlirei' 
simph' ways to exclmh' fals(‘ (Mg(‘nsolut ions, but 
unfoi't una t (']y noiu^ of tluMU is a[)plicat)l(‘ in axi- 
symiiK'tric flow. First, tlie souj*(*(' (Mgi'iisc^lut ion 
can b(' (‘xchnh'd in jilane flow by working witli tlu' 
stnaun function (which imjiosc's a condition on 
mass How tliat would lx* violatial by an ('xtraiu'ous 
sourc(‘). Tfowi'vi'r, Sloki's^ st n^ain funct ion, which 
slioiild exclud(‘ sourc(‘ (‘igensolutions in tlu' saim* 
way loi‘ axisymim't ric flow, fails for otiu'r i‘(‘asons 
to yi('I(l tlu' (*()iT('ct s(*cond apfiroximat ion (r(d‘. 29). 
S(>(*ond, tli(‘ source' or dijiok' (*ig('nsolution can 
simply !)(' d(‘Iet('(l as inadmissible in plane' flow, 
and tiu' n'lnainde'r is the coire'ct solution. In axi- 
symmetric flow, however, tIu' true sh'nde'r-body 
solution may contain a t(‘rm indistingnishabh' from 
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an eigensolution. Third, there exists a similarity 
rule that relates surface quantities on a single plane 
airfoil in subsonic' flow to those in the (‘orrespond- 
ing incompressible probhun (ref. 13), which is 
free of eigensolutions. No such rule (wists for 
bodies of revolution, however, nor does tlie diffi- 
culty (lisaj)pear at zero Mach number. Indeed, 
it is only for round noses in incompressible flow 
that (Mgensolutions arise (see preceding table); 
and tlu\v (*an therc'fore b(' hand fin! by comparison 
witli th(‘ known solution for incompressible flow 
I)ast a paraboloid of revolution. 

In tlie third (‘ase listed, divergent intt'grals arise 
in the second aj)j)roximation. Tlu\y can be as- 
sigiH'd a finite iifierj)i‘etation only by solving the 
probh'm by another approximation— either the 
Janzen-Kayleigh ('xpansion in powers of or the 
full second-ord('r theory without the slender-body 
approximation. The Janzen-Rayleigh solution is 
uniformly valid near the stagnation point, and the 
second -order slender-body solution can be ex- 
tra('t(xl from it using the second-order similarity 
rul(' (n'f. 27). TIk' full sc'cond-order solution 
involv('s sotirce (‘igensolutions, but tlu'y can be 
(‘liminat(‘d by rc'quiring ('onsc'jvat ion of mass 
within a, larg(' contour that lies everywluMX' far 
from the rc'gion of nommiformity at tlie nose. 
(This cannot Ix' done with tin* slend(M*-body solu- 
tion b('caus(' it is not valid far from the body.) 
iioth th(‘S(' p]()c(‘dures have leccMitly lieen cai’ried 
out for tlu' [)arab()loid of j*evolution, with identi(*al 
n'sidts ([‘(‘1. 14). It vill Ix' shown lu'rc' how an^' 
otlu'i* ]‘ound-nos(‘d Ixxly (*an Ix' ti‘('at(‘d with tlu* 
aid of that solution. 

SHARP ENDS-THK PARABOLIC SPINDLE 

Shar])-en<h‘d bodies in subsonic* flow hav(' stag- 
nation jioints, but tlu' foi*mal second approxima- 
tion, Iik(' the first, is (*orrect (‘xcc'pt vi'ry lU'ar tlx* 
tips (cas(' I of tli(‘ prc'(*(Mling table'). It (*an be 
(‘orrectc'd ev(‘n tlu'rc' Uy sinijih' j*id('s {re'f. 2i)\ 
IIow(‘ver, tIu' ivgion is so minute' (being of e'X|)o- 
[H'ntiallv small ordc'i* in tlx' Ixxlv thi(*km'ss) tliat 
the corre'ction is usually of no jiractical signiti(*an(*e' 
and will Ix' ignore'd here'. 

As an ('xani])](', ('oiisideu' again tlx* ()aralx)Iic-arc 
spindle. Ih'caust' symnx'trical Ixxlic's in subsonie* 
flow irxiuce' symmetric dist uihance's, it is con- 
v('ni('iit to choose' the' origin at tlx^ middle' (fig. 9). 


524077—00 
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The sleiuler-hody solution of (‘((nation (9) is 


T-x j^2( 1 — T-) In — ‘5+ : 


15 


r-J ct:}) 


I'kjurk 9.- -Subsonic flow ptisl pnrnbolic spiiullc 
T[u‘ spindle of thickness r is described by 


Tlie second upproxiination is found from equations 
(12) and appendix B. The result for tlie sti'eam- 
(;P2) wise velocity component on the surface is 




/*_i +e(i-3x-) (2 1" (i2-j 

+ 2 AR r - I2r>+ ^ l,r ] + ;;-;J)+ns(2-»2/>M<-C!7-4IM‘l|r In ii 


(.94) 


The in-essnre coelheient can be calculated IVoin (28). Tl.e maxiinnin v(‘loeity, which occurs on 

(‘((nation (4). and has again th(‘ form of (‘((nations th(‘ inuidle of the s()nulle, is given by 


"p= I +T^' ( 2 In ~-A )+e [l0)3^‘ hr’ ^ ^^2 («-7Aa+-y- 24' + 


Cl.-)) 


Aj^ahi, enormous simplieation results from tlu' 
ap|)roxinialion of transonic small-disturhaiice th(‘- 
ory. Tlie second-order effect is tlicn found from 
eipiations (19) to he the same in subsonic as in 
supersonic How. It is therefore o;iven by (‘qualions 
(29) and (30), witli ^MvphK^ed l)y (H /),'2 because 
of tlu‘ dilb'rence in c.oordiiiat(‘s, and e by 2r. 
Hence the surface' |)n‘ssure c(>cfh(‘i('nt is given by 



--Vtlr, tT:{-94t-+47t‘) 06) 

rill' spindh' in subsonie* How has Ix'en triaited in 
th(' transonic sniall-ilisturbaiu'i' approximation 
also bv Keunc an<l Oswatilscli (red. 2.)), who solve 
ail approximati' inti‘gral equation numerically. 
Their result for the perturbation veloedty on a 
14.()-perc.ent-thick siiiudle at d/-^0.90 (whicli is 
nearlv the eritical .Nfaeli number) is shown in 
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figure 10 to conipiu-e rensonubly wc'll with llie 
present result.’’ In particular, tlieir eurve crosses 
that of linearized theory t\vic(‘ on each half of the 
body, as tin* second-order solution does (fig. 7). 

lirougge (ref. 28) has testc'd a parabolic spindh- 
truncated by a support sting (cf. fig. 8). If the 
l)asc lies at x=h (fig. 0), the first -ord(T slendcu’- 
body solution givc'S 

t . . . 4(6 — r) 

(.t.r-— 1) In 

0 4 6^’)-:t(l-6)/-n.r-+6 (:37j 

The algebraic singularity at the corner (,r=6) 
should he corrected by tlu^ technkpies of references 
1!) and 20. In the second a])])roxiina.tion the 
corner introtluces divergent integrals (just as a. 
round nose does). This difficulty has lu'cn 
avoided by using tlie second-order inerenu'iit for 
the complete spindle (the second term in e(|. (.^t))), 
whicli should be a satisfactoiy aj)pro.\imation 
away' from tlu> corner. Tlu' I'esult is compared 
in figure 11 with the measured ])iessures at 
0.8"), iiml tlio secon(l-onl(*r t{‘rms arc' sc'c'ii tc) im- 
])rov(‘ the utj:r(‘enu‘nf . 



INCOMPRESSIBLE FLOW PAST PARABOLOID 

Consulc'r now tlie case in whi(*li c'i^ensolutions 
may invalidate tlie sc'co nd a])])ro\iinat ion c'very- 
where. According to the preceding table, tliis 
case (case 2) can occur only for round noses in 

•> Keuno anti CIswatit.srh solve tMlualion (17) with (7 + I) replaced by A/* 
( 1 _ \ /■.’) ;'{ I _ A /* ) , w lierc A/* ‘ = ( -y -f 1 ) A/*.' 1 2 -I- ( y — 1 ) A/*] ; t h is chunpe h:is t lutre- 
fore iu'en made ttlso in etiiiation (3i>) in caleiiiiitirijr the curve in fitmre U). 


in<aim])ressible (low. We considei’, ihei'elorc', first 
the prototype of ronnd-nose bodies, a paraboloid 
of revolution. With the nose at the origin, it may 
be described by where p is tlu' nose 

radius (fig. I2). Although the infinite ])araboloid 



Ficurk VI. Notation for paraboloift of ri^volution. 

lias j)rc)pc'ily no tluckm‘ssj*atio (or is an t'llipsoid 
of zc'ro thic'kncss ratio), Vp formally assunu's tluit 
role. From (*qiiati(^ns (9) tlu' first -ordt'i* slc'ndcn- 
body })Otontial is found to bc', aside Irom an irivlt'- 
vant (‘onstant (whicli inchidc's the' ‘dnfinitv con- 
stant’' — (p/2)ln h of c(|. (9c)) 

p In ~ ( ;^8a) 

Tin'll from c([nations (12) llu‘ lonmd s(R*ond a]>- 
])i‘oximat ion is found to bt' 

P In ^ P fiiXbj 

llciv the sccond-ordcr tc'rm is actually im'orrcct. 
The* exaed perturbation ])otcnlial lor the paraboloid 
in incomprcssil)l(* flow is known (c.^., irom st'para- 
tion of varialilos in parabolic cooi’dinalc's) to Ix' 

<h=t pin 2 p) +>'-{ ■> -2 P)J 

p 7+^ P ( 7 

{:i9j 

Tims the formal solution of ('cpialion (:kSb) is sei'ii 
to bi' in error by a tcidu pV^r, wliich affecds tlu' 
pressu rc' s i' v er y w 1 1 c'l'c* . 

This term is an ('i^c'nsolution lor I lie sh'iuler- 
body problc'in, because' it satisfies trivially the ecpia- 
tion. 4>rr + (l>r/r=^-^ without afl’ecdin^ tlie sleiidc'r- 
body tan^ency (*ondition of equation (^la). More- 
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ovrr, it has tlu‘ propel* behavior at infinity, be- 
(*ause it is in fact the slemler-body n‘presentation 
of a point soiir(*e located at (or within a distance of 
ord(T p of) the origin. Thus the ('xa(*t perturba- 
tion potential for a point source of strength p74 
local i‘d on th(‘ axis at x^kp is 



I 


1 

4 T 


+0(p\ p^/'7 


Alternatively, the (‘ipMisolution may be regarded as 
representing a sec'ond-order uncertainty in tlu^ lo- 
cation of tlie nose. For replacing x in e(} nation 
(;i8b) by x--(p/2) yields (he correct result of e((ua- 
(ion (d9). 


KKiENSOMITIONS AT ROUND ENDS IN INCOMPRESSIBLE 
FLOW 

T\iv (‘xtran<‘ous eigtmsolution ai*ises in tlu'. 
formal solution for the paraboloid because of the 
inexactness of the tangemw condition iu‘ar tlu‘ 
nose; (*onsequently, just the same error will aris<‘ 
for any other body having a round nose of the 
saim* radius. That is, (lie formal stMond-order 
sl(‘nd(M'-body ])ot('ntial will b(\ too small by an 
amount 


\vlH‘r(‘ p,, is tlu‘ radius of llu* nos(‘, located at 
x^a. A corresponding (‘i ror will arise at a round 
real’ (aid, wlu'rc' (lie eigensolution is the slender- 
[)ody r('pi‘(‘S(‘ntat ion of a sink rather than a source'. 
H(au‘(\ th(' formal solution of ecjuations (12) can 
b{" corr(‘(*t(Mj b\' calculating ^j(f) not from (‘((nation 
(12d) but from 


(/(T) 


/'(T) In 


1 

a) (f) - 


,1 

j„ Ir-fl 


<1^ 


I 1 / p<i~ p/r \ 

^4\x~a h~x) 


(40) 


This niodifi(‘ation givi^s a solution lliat is valid 
to sc(*ond oi-der (wcept within a distanci* of th<‘ 
ordi'i* of the radius from (‘itlua* round end, wh(‘r(‘ 
singularit i('s rcunain. 4 hat is, rt'inoval of th(‘ 
spurious eigensolution by means of (‘((nation (40) 
rcduc(‘S the diOiculty from cas(‘ 2 of the pr(‘c(‘diug 
table to (‘as(* 1. For ('xampl(‘, tlu* surfa(*(‘ spe(‘d 
on a paraboloid of revolution is found, either from 
(equation (39} or simply from Mindv’s rule (ref. 30) 
tliat the s])e(‘d on any (‘llipsoid subjected to in- 


compressible tlow along an axis is the proj(‘ction 
of tlie maximum v(4o(‘ity, to be 


I 

V 


=r 


-T" 


L-^+(p/2)J 


(41a) 


Expanding this formally for small p yi(4ds 


g ^ 1 1 P , P 

U 4^^32i*^ 


(41b) 


and this is also tlie result of tlie pn^semt tluHirv, 
the first two terms being the usual slender-body 
result, and the third the second-ordiu* increment 
after removal of spurious eigensolutions. Thi‘ i*(‘- 
maining singularities are such that even in first- 
order theory tlie integral for drag calculated from 
surface pressure is divergent, (though this is not 
a serious diffi(*ulty because* the drag is known to 
be zero). 

RULES FOR RENDERING SOLUTION VALID NEAR ROUND ENDS 
IN INCOMPRESSIBLE FLOW 

The singulariti(*s remaining at a round nose* can 
be e*limina.ted, and a uniformly valid appi'oxima- 
tion obti lne‘d by applying siinjile i*ule*s to tin* 
formal solution. Derivation of the‘S(* rule*s re*- 
quires a Lnowledge of the (*xact solutie)ii for some 
body that mat(*he*s tin* one* unde*r consieh'ratiein 
near its imse*. 4die* jiaraboloid of n*voluti<^n is tlie* 
prototype e)f round-nos(*d axisymnn*! ri(* boelie*s. It 
was s]l()^^n in refe*rence 20 that the latio of tin* 
(‘.\ae*t se)h lion for tin* paraboloid (e<(. (41a)j to its 
formal scries (*xpansion (c((. (4lbj) s(*rve*s as a 
multiplie*H iv(* (*<)ri‘e*(*tioji facloi* for any I'outid- 
nose*d bod v. ddiis rule* re‘nd(*rs t he* solution coi’re'ct 
to s(*e*ond orde*r foi* uncambe're'd aii’foils (to wble*b 
it also api)lie*s), but only to first or<le*r for boelie*s 
of i(‘ volution. 

A s(‘ce)nd-order I’ule for boelies was el(*rive‘d (re‘f. 
20) by e .)nsid(*ring tin* e*xact solution foi* an 
(*lIij)soiel ( )!' hype*rbole>id), which mate‘}n*s tin* nose* 
moi’c (“los‘ly than does a pai'aboloid. It should 
be pe)inte*e out that in this (*as(‘ one* cannot simj)l\' 
use* the* rj tie) of tin* e*xact solution to its fe)rmal 
(*x])ansie)n b(‘(*ause* this would mtrenluce* a sjHU'ious 
stagnalior point at tin* re'inote* (*nd of tin* (‘llipsoid. 
AVIiat one a(*tually rc((iiire‘s is the* e*xact solution 
foi- a se*mi -infinite boely that. mate‘ln*s tin* nose* to 


As ( ut ill r(>fc!ivri('o 31, tlio ordor of a-rms is eomitrd in such d w;iy 

UkU. dislurhaiucs in vclocily or iircssure arc always <»f first oi-di-r 1'hiis a 
nrs(-<a-(U‘r Icrni is only of(l(rdn t ) near the middle of a slender hrcly, hut is 
D(l) near a statu ation in>int. 
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tli(‘ required order, and this ean ]>e extracted from 
the solution for the ellipsoid. 

The result is that for a body of revolution 
having a round nose at x=0, described by 


THEORY — AXlttVMME J RIC FLOW 1 5 

in figure i:h the (‘llinsoid of thi(‘kn(‘ss I'atio r is 
described by 

r = — 1 — ./ - ( 4d ) 

Equations (9) and (12) give* 


r — /i-{x) = 2px—:J^x^-\- . . . (42a) 


the formal second-order slender-body solution 
for surfa(*e sp(‘ed is converted into a uni- 
formly valid second approximation TJ.y by tlu‘ ruh‘ 


72 1 Z'‘72'' , X ‘'7i 


i p> 


JC 

2.r 4 
(42b) 


where “<2/^ is the first-order part of ‘‘^2' • 

A body with two round ends can be treated 
by applying this rule twice, shifting coordinates 
so that in equations (42) x is always measured 
into the end. Tlie result can be simplified some- 
what to the following. For a body having round 
nose and tail of radii pa and pf, ]ocat(‘d at x— a 
and x = l?: 


F(x)^ — T\r ^ 

f?(x) = T^j-(ln 2vl-J-’-l ) ^ (44.,) 

The radii of the nose and tail are p„~pf,=-T'\ so 
til at (equation (40) gives 

k{x)^T^\u + (In 2x1— .i‘— 1) 

-Jr- (-141)) 

2 1 — x** 

Then from equatioji (12a) the second-order slender- 
body solution for the perturbation potential is 

[1 -f r-’(ln ^+^)] ^ (^In -1 ) 


72^ I 

^ \ ( 1 +Xa) ( 1 4-Xy - ^ 


+9 (x«-f xy 


^ (Xa Xf,) 


f 


(42c) 


X.= 


Pa 


2(x—a) 4 




X = 

2(6 -.r) 



Corresponding rules foi- treating surfaci' pres- 
sure' directly have been given for airfoils (ref. Kl), 
and could readily be deduced also for bodies. 
Rules for treating sharp ends have been given in 
reference 20; but, as discussed in connection with 
the spindle, the region of nonuniformity is so 
small as to be of no ])ractical significanci'. 


EXAMPLE: INCOMPRESSIBLE FLOW PAST ELLIPSOID 

Consider a slender ellipsoid of revolution in 
incompressible flow. With axes (diosen as sliown 


+ 1 i ^ * j 


(44c) 


It can be verified that tliis is the asymptotic ex- 
pansion, to this order, of the known exact solution 
for flo\v past an ellipsoid. 

The streamwise velocity conq)on(mt and result- 
ant speed on the surface are found to be 


U2 

u 





1 1+/"’ 
2\-F 


v> 



1 

4 



(4oa.) 


72 

f'"' 


1 +r^'|^ln - 




9 

r 


1 I 1 , 1 " 

2 1-i-- “ r S 41 — r- “'“8 (1 


(451)) 


Applying tlie rule of equation (42c), with p,, = p,,= 
gives the uniformly valid result for 
surface spe('d (or pressure' coefficient) 


r 

t 

I r 



FuiUKK 13. -Klli])soi(l of revolution in sulxsonie flow. 






riba) 
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Tlu> exact result is 
1 + t'^ 


V 


yl+T^ — T'SC'cll 't 




(40b) 


As ail t'xtreme tost, tho approximate^ and exact 
values are compared in the following table for an 
tdlipsoid of tlnckness ratio r=l/3: 


i; JT 

0 


0.8 

0.0 

0.05 

0.08 

j 

] ^ 

qiV 

1. 122 

1 . no 

1. 025 

0. 024 

0. 788 

(). 584 

0 

q,IV 

1. 114 

1. 103 

1. 018 

. 018 

. 782 

j . 580 

0 


SUBSONIC FLOW PAST PABABOLOIU 

Tlio remaining case to be disposed of is tliat of 
subsonic flow past a round nose. This is case 
of tlie table on page 10, in which tlie formal second 
approximation leads to divergent integrals. This 
will be illustrated for tlie paraboloid (fig. 12); and 
comparison with the known corread solution will 
again provide appropriate coriTctions. 

The first-order slender-body solution for the 
paraboloid is found to be independent of Mad) 
number, so tliat it is given bv equation 08a). 
However, the potential is indeterminate to witfiin 
an additive constant which was drop])ed theri‘ but 
must now be retained for purposes of the com- 
parison. lleiu'c the slender-body ])otential is 
written to include an arbitrarv constant K as 




(47) 


In the second approximation, equation (I2c) 
gives as tlie increment in soun^e stnuigth 




(48a) 


and difficulties appear because this is not integra- 
bie at the nose. Tlie function <jix) of equation 
(12d) niav be written formally as 




ri+J- t) 


(48b) 


If € is liere rcgartled as small, all diniculties have 
b(‘en concentrated into an integral over a sliort 
portion of the nose. The integral divergt^s so that 
it is meaningless as it stands, nor can any a j)riori 


significai ce be assigned to it as a finite part. The 
pro])er ir terpretation is rather to b(‘ found from 
<;ompari^on witli the known solution. 

Tlie f(*rmal second approximation of equation 
(12a) thus becomes 




(48(v) 


whereas the corre<*t result has Ixhmi shown to lie 
(ref. 14) aside from an irrelevant constant, 




G, (49) 


These t^-'o expressions agree if the dlviu-gent in- 
tegral is interpnded according to 




(oO) 


EIGENSOLIJTIONS AT ROUND ENDS IN SUBSONU: FLOW 

Consider now the gcuieral cas<‘ of a body having 
a. round iiosi' of radius at and a I'ound tail 
of radius p^ at x = h, Tiu^ s(‘cond-oi‘der imuTmient 
to sourc ^ strength f{x) will (*onsisl of a iH'gular 
funedion /'*(/) plus tlie singular terms 


4 \b — x x—a/ 


(A 1 ) 


t 1 ‘ither 


These g ve a divergnit integral a 

end of the body. 

Ea(‘h of these integrals can be interpreted acxrord- 
ing to ecuation (50) in terms of the corresponding 
radius p or p^ and a constant Ka or that can 
be cietennined from the first-order solution, Tlie 
result is that in place of equation (12d), the func- 
tion (j{x is given by 








C— at 

CV/' 7 


Pt> 
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tlio incompressible value of equation 

/■*(.r)=/(.r)— -'“L\ (44a), and (7(x) is modified only l>y insertion of a 

4 V i — T x—a) ' “ factor /3, so that 


/C,=--lim Gix) In f/— a)"] 
r >a LP« - J 

/u= lim r — - Gix) 1 n ( i — j ) 1 

r >/, L Pi, 2 'J 


J<'(X) = -T^X 




Equation fl2c) fpves as the formal second-order 


I'ia' coefficients of the constant terms in G(x) at 

As d/ tends to zero tbis ic'dnees to e(piation (40). the ends are, from equations (r)2c) and (r)2d), 

As in incompressible flow, tliis modification ren- 
ders tlie solution valid to second oixlc'r except „ 0 

within a distance of tin- order of the radius from 
either end. (Cas(^ 3 of the table, 0 ]i page 10 lias 

been reduced to case 1.) 'Hie surface s])eed again Equation (12c) gives as the formal second-order 

contains singularities like (.i — a)'' in the first-onh'r incrcunent in source strength 

terms and {x—a)~- in the second-order tc'rms (cf, r- 

eq. (41b)). These can be eliminated, and the solu- f(x)^T\r (2M^—\) In ^+AP(n— 1 ) — 
tion rendered uniformly valid, by a inle cone- ^ 2J 

sponding to equations (42). Derivation of the ] j. 

second-order form of this rule makes use of the ^ (53c) 

formal solution for the ellipsoid, which must there- 
fore be found first. The (luautitv in brackets is the Pi r) lefiniieJ 


+:^APPy-^:, (530 

^ 1 J " 


fore be found first. The (|uautity in brackets is the h{x) required in 

EXAMPLE: SUB.SONIC FLOW PAST ELLIPSOID <‘quation (52ii), aud the remainder is the singular 

terms of equations (51) and (52b) that lead to 
( onsidw subsonic flow past the slender ellipsoid divergent integrals. The integral in equat ion 
of revolution of figure 13. According to equations (52a) is trivial (being a multiple'^of the fiist-order 

((»), the first-order source strength F(x) is un- one), with the result that 




1^(24/- 


1) In -;^-|-.l/-(a— I) 

0T 




x4-.r 

0 


-1 -,0V 


-( .'er(in '' ',r' +2-») I "-e 

iMnallVj (‘(j nation (12a) u'ives as Hid sc'cond-ordcr slcndf'i-lxKly ])('rtiirl)a(ion ])o(entia] 


1 D d — .r 

7 7- 


^-,+APPx 


U-rVr(ln L.^ 

L\ /3/- l-.r' 

-^4fd(iuI^'1^'':42 


lnM4f^ 


1 




(53, 

./■ _ 




In (l + .r) In ( i —,r)~ 
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IS 

As a part ill! cliock, it may 1 m‘ noted tliat this result eonforms to tlie seeoml-oi-der siimlanty rule (ret. 2/). 
Diirerentiatin*: <:ives the velocity components. On tlie surface of the ellipsoid 

r= 1 -hr* (in ^ )+^' { 1“^’ +D'^ ( 1 -/*)*“ 2 1 - J fir 




-h.U 


1 +j- , ,,_ln (l-h£^_hi (l--yT) _d I— ; 1 . J" 

(l—j-C)-'''' - 4(1 — /)- 4 ( 1 —/*)* 


4 ' (1 


-/^■)- 2 (1-/^)- J 

i= 1 mr* (in ( 1-r*) ~“2 1-/J *” fir 


+Ar 


1 Id"/- I .) *41 L' 

2 ]T-/-)- 4(1 4(1 


in (1+/) In (4 -t)_: 1 1 -o/H-2/n d_l _1 

-/)*■ 4 (1-/-)* J H 4 \-jr‘ 

+1 APn ' y h->4h) 

^8 (I-/*)* 2 (1-/-)- j 


The inaxiimim speed in the How field (aside from spurious singularities at the ends of tlie ellipsoid 
that are to be removed) oeeiirs at the surface in the middle, and is 


9p=i + (l„ |-1 )-hr' [r In^ ‘ ) In ^^+1 -)] 


(55) 


This agrees with tiie ivsult of Schiniodon and 
Kawalki (rof. 31) oxcopl for th(^ coofficiiMit of APr\ 
whioh they ^ive as —5/4 instead ot —(4“—^ In 2). 
They work with the perturbation form of Stokes’ 
stream function rather than tlie velocity potcaitia-l, 
which facilitates imposing the condition of tangent 
How at the body (particularly since they imposi' 
the (‘ondition exactly, and only later extract the 
slender-body series). Howinnu*, they rcHain only 
linear and quadratic- terms in the ecpiation of 
motion. The cubic term AP<i>^<t>rr in equation (11) 
yields a second-order effect, and the same is true 
of some quart ic as well as cubic* terms wluui one 
Avorks with Stokes' stream function. Further- 
mor(\ the linearized ecpiation for the stream func- 
tion is not (‘Oi’rect to first order exc‘e])t in the 
slender-body api>roximation and in any case does 
not form a proper basis for iterating to find the 
second approximation (ref. 29). Thus for super- 
sonic flow past a (‘irendar (*one, Schmieden and 
Kawalki 's procc'duiv was found to yield the 
sec‘ond-order slendcu-body solution correct except 
for the term in APrh This is presumably true in 
general, so that the disagreement in tliat teim 
found here for the ellipsoid might have been an- 
ticipated. The present solution predicts a maxi- 
mum speed slightly higluT than Schmieden and 


Kawalki’s, wliich does not aj)pear unreasonal>l<‘ 
in view of their compaiison with the pfanzen- 
Kavleig i solution to order XP for a spliere, in 
wdiich tiieir speed was somewhat low\ 

In the transonic small-disturbance a.|)|)roxima- 
tion, the surface i)n^ssure (*o(‘fficient is givcui 
simply by 







7+1 + 1-5/^+2j-^ 

■ 2 T-M" 


(50) 


lUJLES FOR RENDERING SOLUTION VALID NEAR ROUND 
ENDS IN SUB.SONIC FLOW 

As ill in(‘ompressible flow^ the ratio of the exact 
solid ioi for a [laraboloid to its formal series ex- 
[)ansioi serves as a first-order multi |)li(*ative cor- 
rection factor. Thus it has been sliowm (ref. 14) 
that tl e slender-body solution for surface speed 
is conv 'rted into a uniformly' valid first a])proxi- 
mation by the rule 





(57) 


whore Q(2xlp, M) is the speed ratio on a para- 
boloid of revolution of nose radius p at Mach 
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miinhor .V/. Althou^li () lins not boon found 
oxactly, it cn.n in j)rincij)l(' l)(‘ (l(‘l(‘nniiH‘d to any 
(U‘siiv(l of accuracy by tli(‘ Janz(‘n-Kaylcigli 

nu‘tbo(l. In ivf(Mvncc 14 this Inis Ixumi <lom‘ 
including terms in \f\ and nuim'ricul vabu's liavc 
been tabulat(‘d. 

Singubirit i(‘s remain if this first-ordiM* I'uh' is 
ai)plied to the s(*cond-order soiution. A s(‘c(}nd- 
ord('r rul(‘ is required ; and its form can be d(*duc(Hl 
with the aid of the pr‘(‘c(‘ding soluticni feu* th(‘ 
(dli])Soid. 

Kepbi(‘ing .r by .r/c in equations (5:^) to (5(i) 
givt‘S th(‘ solution for an (‘lh[)soid wliose^ huigth is 
2c rather than 2 ((*f, figure' i;b). Tfien for small 
values e)f the' elistance ,: = .r + c me'asureal from the' 
nose, the' surfae-e sj)ea‘el is fe)unel fr“om e'e{uation 
(541)) to leave' the' form 



It is e'le'ai* that, e'eeiaa'spemeling te> c(|uation (571)), 
the solution for any rounel-fmse'el body elescril)e‘el 
by e‘(piatie)n (42a) will, neair its ne)se', have' the form 



lie'i'e' is a e'onstaid, anel /e\ anel Ab are' regular* 
fuiH'tiems of :: be'twe'e'n wliie'h a indation will ne)w 
f)e‘ fe)unel. Altlmugli e'epiations (57b) and (58a) 
ar*e' both singular* at : — 0, their r*atie> must be' 
r*e'gular. Divieling the latte'f by the^ for*me'r anel 
('Xj)aneling give's 

+ {[J/.V=)-r4 

anel this is I'e'gerlar* at .r^O e>rdy if 




ii *’+4 


(58 b) 


The' par*ame'te'rs p <inel ^ e)f e'(iiiatie)n (42a) ar*e 
re'late'el to tire pr*e'se'rit c anel — r by p—j^c anel 
and in the)se' te'i’ins the' above> e'xpr*e'ssie)n 
bee*ome*s 



■ ■ ■] 


This expansie)!! e*e)uld be' used te) feiiiii a se'e'onel- 
or-(ler nrle, but the' rcserlt is simj)lifie'el by fir*st 
de'te'r*mining the' ce>rr*e‘sponeling e'Xpansie)n fe>r* a 
ge'iu'ral boel\', anel the'rr <4ie)osing a simj)le' spe'e*ial 
case'. 


Tlre'r*e‘ is a pai*t ie'ular* body fe>r* whie*h e'e{uatiori 
(58) has the' simple'st fe)r‘ni, nanu'ly that l*e)i* which 
se) that 



.Note that except fe)r* the' te'rm in this is just 
the' se'<‘e>nel-e>i*ele'r sle'nde'r*-l>oely se>lutie>n for* tlie' 
parabole)iel. 

Ne)w sup[)ose' that the' e'xae*t sobrtion is known 
IV)r any serni-infinite bexjy having pi*e‘scr*ibe'el 
value's of p anel The'u the' r*atio e>f it to its 

fe)rmal se'r ie's e'xpansie)u se'rve's as a se'e*e)nel-eu*e.le'r 
mult ij)lie*at ive' e‘or*r*e'(*t ie)ii fae*tor*. He'ne*e' a uni- 
for*mly valiel se'(*e)tul a[)|)r*e)ximatie)n is give'ti by 


I 


e'xaed solution 



inf’milc 

l.u.ly 


“< 7 .-’ 

r 


(60a) 
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Dividing both llip s(M‘i(‘s for and that in makos (hpiii iv^ular at ^=0, and ^nvps, after 

tlu' ([('nominator of tfii' l)raek('t l)V eciuation (ott) expansion, 


q, I'xaet solution 

I -| Ah(.r) + ^ /e.{.:)+^ 




infiiiilii 

Ijo 4 v 


[“q ” , p “<?i’ 
L r ’^43 (’ 


2 z 1 APn\p\:i 


^ (GOl)) 


This rid(‘ niav be writtim linall\' as ' 


K "f +(''4 '' "■ < 


(()()<•) 


whciv Q{2z;p, \f) sliiiuls for Ihc first t)racU('t A ('.ninl)iiu'(l rule for two round ciuls is a>;!»iii 

in o<iniition (GOb). Not(' tluit tho terms in tlie found l>y iipplyinj? llie inle twice in sneeession 

t)raeket are jnsi tliose refinired to cancel ail and simjdifyin^ insofar as possible. The ivsnlt 

siiifinlarilies in is 


f/o 2(r — ti) 

p„ 


r M 


Q ' 


2(b- x) 


Ph 




Pa 


(j —af 


In 


2(,r— a) p,r I 2(6— /•)'j I / p„ _ Ph_\’ 

■'■(6-r? ^P,. J :V2\x-a 6-r/ 

I If/" ’S r p«‘ _L n j_ / ^.<p.i I ^'<pa\ 

V4“,S/> f 


(GOd) 


MIXED RULES BASED ON THE PARABOLOID 

Tile function Qi'2z/p, .V/) requiivd in tlie 
above rules could in prineijde be d('termined to 
any ([('sircnl aceiiraev by the Jan/n*n-Raylei^h 
api)roximation. However, tlu' practical ([('tails 
appear almost insurmountable excei)t in the 
s[)e(*ial case of tlie paraboloid, for which ^ = 0. 
(Tiu' iH'xt sc(*-tion shows that (‘ven tlu' solution 
for the paraboloid has not yet b(‘('ii carriul la.r 
enough to yield n'asonabh' a(n*ura(*y at liigh Afach 
numbers.) It is tlieii'foiT' woithwliile to simplify 
tli(' ruh's so as to base tln'in on the solution for 
tli(' paral)oloi(l. 


If is to be r(']jlace(l by zero in tlie argument 
of it must b(‘ omittc'd elsewlu'n' in (‘(pmtions 
((>()). H(‘nce the rule for a single round ('dge, 
(-orres[)( tiding to e(piation ((>()(*)) i^ 


Vy_i 

I ' 






7 } 





1 

:32 



(til a) 


Iakewis‘ tlie c()unt('rj)art of (‘(luation (bOd) for 
two round edges is 



^ As n/-»0 this roduct's not to the lule of Cfiuution (C21V) but to an CQUally valid alternutc e. 
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Tlioso rul(‘S ^ivo a. result tlmt is, of course, (‘or- 
rc'ct to s(H“()iul ordtu‘ excc'pt luau’ llu' euds. Jt is 
correct only to first ordc'r williln a distance' of the 
order of the radius p from the (Uids. Finally, it. 
is coin])letely invalid witliin a much smalh'r 
ii(‘i^hl)ot*ho()d of the (Mids of tin' ordeu* of 
(which is pi’oportional to th(‘ sixth [)ow('r of tlu' 
thickness ratio for a body of unit length). Tlu' 
re'asoii is that tlie l)racket in (‘(piation (til a) has 
not l)('en completely free'd of sin^uhu“iti(‘s, hut 
re'tains a te'rm — 3-^p/U>.:r (which is (*anc('ll(‘d in 
th(‘ original ruh' of (‘(p ((iOc)). For most practi<‘al 


])ur[)os(‘s this distance' is so minute as to l)e' 
altogetlie'r ne'^li^'ihh', anel (as indicale'el l>y the' 
subs(‘rii)ts) tlu'se' mixe'el rule's can he' re'^'arde'el as 
yielding a se>lution valid te> hist ordi'i* ne'ar the' 
(‘lids and to see*.ond orde'r e'lse'where. 

EXAMPI.E; UNIFORMLY VAT.II) SOLUTION FOR ELMPSOII) 

These rule's earn now he' a])|)lied to the' formal 
solution of ('({nation (541)) to hnd a uniform ap- 
liroximation for the' e'lli])soieL Using the com- 
hiiu'd rule' of ('(juation (tiOd ) giv(*s as the' uniform 
se'cond-orde'r solid ion 


Vl> 

r" 


Q 


2(1 + T) 


_ T 





1 

O 


) 


+ r‘ 




( 1 — lu“ +‘-2^1/“ hi 




‘A 

<S 



(t)2) 


Tlie' last ht'ackel has of course' he'e'U fre'e'd of singu- 
hiritie'S, hut in addition it is see'ii to he' a. constant, 
indejie'iide'nt of x. This simple' fe'ature' is tlie' 
counte'ipart, for second-oreh'r suhsonie* flow, of 
Munk's iHile* for in(*om[)t‘e‘ssihle* flow past an 





2 ( 1 +/) 

r“ 



■r ) . 



and the iviiiaining nose singularity is evieh'iit. 
Its (‘ffect. may he' illusti‘ated in the' e*ase' of incom- 
jire'ssihle flow. At a distauea' of one' radius from 
the' nose' (whie*h would he' 0.02 of the' h'ngth for a 
20-pe'rceid-thick e'Hipsoid), e'(j nation (t^f) give's 


7H.1 


\/:5 




The' ('xae*t solution has — 12/K) inste'ael of — Ff/K), 
showing that the' result is valid only to first 
(though nearly to second) ot'der. Again, at a 
distance' of only -^p — r^ from the' end (O.OOOS of 
the length), eejuatiou (03) gives 


< 1 - 2.1 


lit V 2 
Hi ' 


■0 + 


The' e'xae*! solution lacks the' fae*tor 13/10, hut the' 
leading te'rm in the pressure (‘oe'fhcient is neve'r- 


('lli|)soid, ae'cording to whicli the' surface' ve'locity 
is just the' [)i‘oje'ct ion of the' maximum vi'loe'ity. 

Using insle'ad the' mixe'd rule of eeiuation (t)lh) 
yie'lds 



tlu'h'ss give'll coi’ree'tly as unit\’, so the' re'sult is 
re'gareh'd as Ix'ing (‘oi’re'ct to fii‘st. oreh'r. 4diis 
ce'ase's to he' true' only at distances of the' oreh'r of 
^>~p from tfu' (*nd, which is 0.0()()032 of tfu' h'ligth 
for a 2()-|)('i'c('nt-t hick ('llipsoid. 

COMPARISON WITH EXPERIMENT 

Matthi'ws (ri'f. 32) has me'asure'd pi'e'ssure's ove'r 
the' front half of an ('llipsoid of re'volution of tliie'k- 
lU'ss ratio 1 /(> up to Mach numhers of 0.040 (tlie 
me'asure'd e'ritical Mae*h numlx'i’ Ix'ing 0.0 1 0). 
The elli])soid was su|)j)orte'd from (he re'ar hv a 
sting hut, aex'oreli ng to firsl-oreh'r sle'ueh'r-hody 
tlu'OJ'v, the' sting affe'cts the' pre'ssure coe'llicie'ut 
ove'r the' froid half hy less than 0.003, whie'li is 
ne'gligihh'. Tlie' [ire'ssure's me'asure'd a( 4/^0.000 
ai*(' compare'd with fii’st- and se'e'ond-oreh'r the'ory 
in figure' 14. 
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Nose radius 

.3^ 

.I'lcnu 1 L Pri‘ssutx‘ on (‘lUpsoid of rc'volut.ion willi 
r _ ! /() ;i1 A/ -().<)()(). 

()v(‘r tlu’ middlo of l[u‘ body tlu' (‘xpcu’inuMital 
values ao;r(‘(" (•los(*ly with tlu^ scH'ond approxima- 
tion, wideli is s(HMi to be a si^nifi(*ant improvenuMit 
over t!ie first. Near tfu‘ (‘luls, how('V(‘r, tlu‘ experi- 
mental values li(‘ betwcHui tli(‘ pr(ali(*tions of 
S(‘(*ond-order th<M)i‘v with and willioiit the applica- 
tion of the mix(‘d rule. The r(‘ason for this is 
b(‘liev(‘d to bt^ sini[)ly tliat th(‘ values of the 
sinfacc^ spcH'd on a [)araboloid, us(‘d in the rub' ar‘<‘ 
inac(* urate. The v wei‘e taken from the Junzen-Kav- 
lei^h a])])roximation imdudiiig only terms in d/" 


(table II of ref. 14), whicli is almost c(‘rtaiiily in- 
adoqua e at 4/= 0.900. Indeed, th(‘ j)i*{‘S(‘nt theo- 
retical i'esults are belie v(hI to be suffici(Mitly trust- 
woi'thy that om^ am work l)ack wards to ('x tract 
experimental valiK's of Q for th(‘ paraboloid from 
the measurem(Mits on ellipsoids. The result is 
shown in fi^ui(‘ 15 in comparison with all ('xistin^ 
t hi‘ori('s. 



FnaTHK If). Speed ratio on paraboloid of revolution at 
M^O.OO. 


Ames Ri search (4:ntkk 

Natio nAL Akroxautics ani> Space Administratiox 
M oi FETT Field, Calif., May 28 ^ 



APPENDIX A 


PRINCIPAL 


a 

uhscissa of noso of l)ody 

b 

ahscissu of tail of body 

U 

1 ) 1/2 

‘A 

blunt MOSS of nosp (seo cq. (42a)) 

C 

ronstant in equations (58) 

c 

pr‘(*ssuro coidficiiMit 

c 

l)alf-l(*n^t fi of body 

D 

diag 

F 

source stren^tli in sl(‘nd(*r-body 
tlieory, lUr 

f 

S(H*ond-oi*d(‘r iiKTcumuit in F 


term ind(‘pendent of r in slender- 
body potential 

l/i-r) 

second-order inenunent in 0{x) 

n 

subsonic* slend(‘r-body inte^i'al (see 
eq. (14a)) 

Ji 

supersonic. slend(‘r-body integial 
(sc(‘ eq. (14b) 

k 

arbitrary constant 

K 

constant t<*rm in sUmder-body ])oten- 
tial (see eqs. (47) and (52)) 

1 

bm^th of body 

Ui-r) 

Euler’s dilogaritlim 

V 

frec'-st naim Afac*!] number 
7 4-1 AF 
2 \-AP 

N 

P, Pu P -> 1 

sujiersonic count (‘rpart of 
7+1 AP 
2 AP-\ 


^en(‘ral functions in similarity rule's 

Pi, Pi, P3 J 

(see' eqs. (22) and (28)) 

Q 

spe'c'd on sui*fa(*e‘ of semi-infinite* 
round-nose'd body, re*fe'rre*d to fre'c- 
stre'am sjieed 

7 

local sp('(*d of flo\y 

A’(^) 

radius of me'ridian curye* of body of 
revolution 


SYMBOLS 


//, 

Pi 

tvgular fune*tions 

r 


radius in cylindrical polai* cooi*di- 
nate'S 

u 


fre'c-st t*eam sjie'e'd 

u 


St re'aniwise ve*loeity comj)one*nt 

X 


st re' am wise* coord inat e 



abse'issa, me'asure'd from i*e>unei e*nd 
into body 

IS 


(l~d+)'^^' 

7 


aelial)at ic e‘\j)one*nt 

Ao 


se*e*ond-order ine*re*me*nt 

5 


init ial slope of shai*p-nosed body 

e 


small paraine*te*r 

X 


(See eep (42b).) 

P 


nose radius of round-nose*d body 

Pco 


fi*ee-stre*a.m ele*nsity 

T 


tliickiH'ss i“atio 



full yedoeaty potential 



first-order ])e*rt urbat ion ve'locity ])o- 
tential 

<i> 


se*cond-oi*der perturbation velocity 
pot e*n tial 

SUBSCRIPTS AND SUPERSCRIPTS 

( 

). 

a.ssoe*iate'd with nose* 

( 

)b 

asso(‘iate*d with tail 

( 

h 

value' on surface of body 

( 

)i 

first-oreh'r value* 

( 

)i 

se*(*ond- 0 !‘de*r value* 

( 

h. , 

mix(*d se'e*ond-and first-oreh'r value* 

( 

)max 

maximum value* 

( 

)* 

re'gular part (se*e eep (52b)) 

(^ 

) 

singular part (see* e‘(|. (51 )) 

( 

)' 

eh'rivat ive* 

( 

■) 

uniformly valid value* 


)” 

formal value* 
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APPENDIX B 

SHORT TABLE OF SLENDER-BO )Y INTEGRALS 


'I'lic integrals appearing in tlie slender-lxKly 
solution W('re denot('(l in equations (14) by 

(sid)sonie) (Bla) 

I (supei'sonie) (Bib) 

in U)(‘ supersonic (‘aso tlu‘ nolnlion is (l(‘sigiic(i (o 
cmphasizi* tiu' dillcaiMit mlc's playc^l b\’ x in tlic 
inU'graiul and in tlic upper limit of integration. 
The subsonic integral can b(‘ expressed in terms 
of th(‘ supersonic one l)v 

r:Ab'ix)]-^^n {X- a)J^,{F{x)] 

+ sgii {h^x)Jl { /'( X ) } ( ) 

of which equation (1()) is a special cas(‘. 

For the pur[)ost‘s of shifting' the origin of ab- 
s(“issas, it is conveniimt to ridati* tlu‘ general supi'r- 
sonic inti'gral to that lor soiu(‘ standard vahu' 
24 


of the lower limit a, say z(*ro. The desiriMl ex- 
jin^ssion is easily scam to be ^ 

(Combining tlu‘S(‘ last two ri'sults givers a usidul 
('xpri's-iion for tin* gimeral subsonic int(‘gral in 
tcM'ins )f tlu‘ standard supcM'sonic om*; for a<x<hj 

n{ Fu') Fix+a) ] FJl~'^{nx-Vh) ] (B4) 

A silort table of the subsonic and su|)(‘rsonic 
slendei'-body integrals is given below. The limits 
of inti^gration hav(‘ Ihhmi takim as a — — 1 , = 1 for 

th(' subsonic (*ase and for tin* sujiersonic*. 

Results for otlu'r ranges of int(‘gration can Ix^ 
(‘xtrac ed using the two n‘lations abovi' (eqs. 
(B:f) 1 nd (B4)). Values of the subsonii* integral 
are given only for the span of tiu' body, that is, 
for l^xv^l. 4^h(‘ tabl(* was (*lu‘ck(‘d wIumh' 
possible using equation (B4). 

1 'I’lir ineaniiig of 1 in conjuiu‘timi with fhr following' lahli' 

is that oi p looks up FiJ+n) in thi' column lahcliai /•'(./) ami in tlu' r'oi res- 
ponding oluinn labeled ./n n’plafes.f hy — c) 
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F(x) 

/.M/-'u)is r j-’<i 

J \ i-^* - k' 

M PA’C-r) F(^) . 

U) 1 - ^ ^ ^ 

1 

0 

0 

X 

2x 

X 

X- 

1 

, 

X-^ 

,r 

i y-’ 

X* 


fG' 

1,2, .. . 

2(n-' [ . , , -1 

-[ 


\ X 


2(1 - hi 2}^.r 

V 1 - 

2 V 1 .r- (1 In 2v 1 x‘^) 

i 

In .r 

1 

. .. 

1 () 

f 

X hi / 


.(iMx!^; i) 

*r'“ In X 

-- 

1 ) 

\ lii(l J-) 

i ... 

7T- , / X\ 1 , 1 

(i- 2 ) 2 '' -^2 

-/.j(.r) 2 -J-) 

' x\n{\-x) 

- 

- xL,(x) 2 j^ln^(l X) (I-j-)Im(I ,r)- ,r 

X- ln(l .r) 


- x~L-2(x) ~ 



— 2 (1 .r)(l 2.r)ln(l x) ^.r -V' 



- FL >(x) - “-r'Mn-( I - j ) 

x^\n(\-x) ' 

1 


j. (1 ■ j)(2-f ru-l 11,r-)ln(l 1 

n 

/ ' , 2 , , 1!) , \ 
;U-''h{J'-+;Rr^7 

' 


- x*Ij>(j) x) 

j'* hi ( 1 J") 

- - ■ - ■ - - 

(1 -r)(^;j 1 12''^ 1 |2-^‘ 1 



/ 7 ^ ^ 7:, ,2'>7A 

V4 24 ^ 4 ' 144 / 

ln(l 

7T-* 1 , ,, 1 f .r 

li 2''‘-| X 

- -- 

x-\u 




\ l)ln(l - .r2) +(l-r)j-2) 


.rMn ( 1 - .r2) 
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